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Disretization of Riemannian manifolds
applied to the Hodge Laplaian
Tatiana Mantuano
∗
Abstrat
For κ ≥ 0 and r0 > 0, let M(n, κ, r0) be the set of all onneted
ompat n-dimensional Riemannian manifolds suh that |Kg| ≤ κ and
Inj(M,g) ≥ r0. We study the relation between the kth positive eigen-
value of the Hodge Laplaian on dierential forms and the kth positive
eigenvalue of the ombinatorial Laplaian assoiated to an open over
(ating on eh ohains). We show that for a xed suiently small
ε > 0 there exist positive onstants c1 and c2 depending only on n, κ
and ε suh that for any M ∈ M(n, κ, r0) and for any ε-disretization
X of M we have c1λk,p(X) ≤ λk,p(M) ≤ c2λk,p(X) for any k ≤ K (K
depends on X). Moreover, we nd a lower bound for the spetrum
of the ombinatorial Laplaian and a lower bound for the spetrum of
the Hodge Laplaian.
Mathematis Subjet Classiation (2000): 58J50, 53C20.
Key words: Laplaian, dierential form, eh ohomology, dis-
retization, Whitney form, eigenvalue.
1 Introdution
Several works like [3℄, [4℄, [5℄ and more reently [23℄ have shown that dis-
retizing a Riemannian manifold may be really powerful in order to study
the spetrum of the Laplaian ating on funtions. The question we want
to answer here is "Is there a similar tool for understanding the spetrum of
the Hodge Laplaian (∆ = dd∗ + d∗d) ating on dierential forms?". Part
of an answer is given by the de Rham Theorem (saying that the de Rham
ohomology of a ompat manifold is isomorphi to the singular ohomology
and to the eh ohomology) and several authors have been more or less
∗
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inspired by this theorem to study the spetrum of ∆. For instane, in [15℄,
Dodziuk and Patodi show that for a xed ompat Riemannian manifold, we
an approximate the spetrum of the Hodge Laplaian with the spetrum
of a ombinatorial Laplaian assoiated to ner and ner triangulations of
the manifold. The main idea in their proof is to assoiate eh ohains
to smooth forms and vie versa via the integration on simplies and via the
Whitney map. Both tools are really ruial in the proof of the de Rham
Theorem as they indue the isomorphism between de Rham ohomology and
singular ohomology. In [7℄ and in [24℄, the authors use another proof of de
Rham Theorem due to A. Weil and based on the eh - de Rham double
omplexe (see [17℄). In [7℄, Chanillo and Trèves bound from below the small-
est non-zero eigenvalue of the Hodge Laplaian on p-forms for a ompat
Riemannian manifold with bounded setional urvature, while the purpose
of [24℄ is to study the spetrum of ∆ on ompat hyperboli 3-dimensional
manifolds. In partiular, MGowan develops in [24℄ a quite general method
to bound from below "small" eigenvalues of∆ on ompat manifolds (Lemma
2.3 in [24℄).
The purpose of this paper is in some sense to improve or to unify these
results in the ontext given by the disretization. More preisely, if M is
a ompat Riemannian manifold and if X is a disretization of M (in the
sense of [8℄), we obtain naturally from X a nite open over UX whih will
be ontratible if the mesh of the disretization is suiently small. To
suh an open over we an assoiate the omplex of eh ohains naturally
endowed with a oboundary operator δ. Moreover, with an inner produt on
eh ohains, we an onstrut the adjoint of δ, namely δ∗ and dene the
following ombinatorial Laplaian ∆ˇ = δδ∗ + δ∗δ.
The main result onsists in establishing a uniform omparison between the
spetrum of the Hodge Laplaian and the spetrum of suh a ombinatorial
Laplaian. That is to say, ifM(n, κ, r0) denotes the set of ompat onneted
Riemannian manifolds with bounded (by κ) setional urvature and injetiv-
ity radius bounded from below by r0, we show that there exists a positive
onstant ρ0 depending only on n, κ and r0 suh that if we x 0 < 3ε < ρ0,
there exist positive onstants c1 and c2 depending only on n, p, κ and ε suh
that for any M ∈ M(n, κ, r0) and for any ε-disretization X of M we an
ompare the kth eigenvalue of ∆ on p-forms to the kth eigenvalue of ∆ˇ on
eh p-ohains (for 1 ≤ p ≤ n− 1) in the following way
c1λk,p(X) ≤ λk,p(M) ≤ c2λk,p(X)
for any k ≤ K and K depends on X (see Theorem 3.1 for the preise state-
ment).
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As an appliation of Theorem 3.1, we obtain a lower bound for the rst non-
zero eigenvalue of∆ (see Theorem 4.1) in terms of the volume of the manifold.
This result has to be ompared with the result obtained by Chanillo and
Trèves (Theorem 1.1, in [7℄). In their proof, the authors use in a ruial
manner a lemma due to Trèves (Lemma A.5 in [30℄) whih turns out to be
false (see Remark 4.3). In Lemma 4.2, we state and prove a "weaker" version
of Trèves' lemma. A diret orollary of this lemma is a lower bound for the
spetrum of the ombinatorial Laplaian (see Theorem 4.4) and so, thanks
to Theorem 3.1, a lower bound for the spetrum of ∆ (see Theorem 4.1).
As another onsequene of the proof of Theorem 3.1, we obtain a version
of MGowan's lemma (Lemma 2.3 in [24℄) slightly more general as it is
onerned with p-forms on ompat Riemannian manifolds with bounded
setional urvature, but not so general as it is valid only for ontratible
open overs (see Lemma 4.5). Finally, another interesting appliation of the
method developed here onerns Whitney forms. Indeed, Whitney forms
ome out in [15℄ as a natural way to smooth eh ohains. Nevertheless,
in order to keep a uniform omparison of the spetra, the results given in
[15℄ on Whitney forms are not useful to our purpose. Hene, we obtain as a
orollary of the method, the appropriate results to show that Whitney forms
are even so a suitable tool to smooth eh ohains (see Setion 4.2).
The paper is organized as follows. In Setion 2, we begin by realling dif-
ferent denitions and properties of dierential forms and eh ohains. In
partiular, in Setion 2.3, we sketh the proof of the de Rham Theorem due
to A. Weil as it will be the starting point of the proof of Theorem 3.1. Finally,
we reall the denition of a disretization and its main properties.
Setion 3 is devoted to the proof of Theorem 3.1. The basi idea of the
proof is to assoiate a eh ohain to a dierential form via a disretizing
operator and vie versa via a smoothing operator, in order to ompare "small"
eigenvalues. These operators are essentially onstruted as in the proof (of
A. Weil) of the de Rham Theorem thanks to the eh - de Rham double
omplexe. To that aim, we need a few tehnial results. In partiular, we
need a normed version of the Poinaré Lemma and a similar result for eh
ohains. This is done in Lemma 3.2 and in Lemma 3.5. Moreover, as in
[24℄, it is neessary to bound from below the spetrum of ∆ with absolute
boundary onditions on nite intersetions of open sets of the open over. To
that aim, we show that for a suiently small ε, the intersetion of balls of
radius ε is onvex and is quasi-isometri to a Eulidean onvex. Thanks to a
result of Guerini ([18℄) we an then bound from below the spetrum of suh
intersetions (this appears in Setion 2 as properties of the disretization, see
Lemma 2.9 and Lemma 2.10). Note that Chanillo and Trèves met also this
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problem and they solve it using a (nite) sequene of open overs and with
Lemma 2.2 in [7℄ (whih is a onsequene of a normed version of the Poinaré
Lemma in the Eulidean setting). For "large" eigenvalues, it sues to have
an upper bound for the kth eigenvalue of ∆ and of ∆ˇ to have the laim.
In Setion 4, we present the onsequenes of Theorem 3.1 mentioned above.
Finally, in the appendix we reall the (more or less lassial) denition and
the properties of Whitney forms. At the end of the appendix, we give the
proof of the tehnial lemma about the Eulidean onvexity of the interse-
tion of small balls.
2 Settings
In this setion, we reall some denitions and basi fats on the Laplaian
ating on dierential forms and on the Laplaian ating on eh ohains.
For the onveniene of the reader and as it is a key tool for the paper, a
paragraph is also devoted to the sketh of a lassial proof due to A. Weil of
the de Rham Theorem (for ontratible open overs) relying on the eh -
de Rham double omplexe (see for instane Appendix A of [17℄ or Chapter 3
of [27℄). Finally, we dene the disretization of a manifold and disuss some
of its properties.
2.1 Laplaian ating on dierential forms
Let (Mn, g) be a ompat onneted n-dimensional Riemannian manifold
without boundary. Denote by Λp(M) the vetor spae of smooth dierential
p-forms, for 0 ≤ p ≤ n. Let d : Λp(M) → Λp+1(M) be the exterior dierential
and d∗ : Λp+1(M) → Λp(M) its formal adjoint (with respet to the L2-inner
produt) the odierential. Then the Laplaian ating on p-forms is dened
by ∆ : Λp(M)→ Λp(M), ∆ = dd∗ + d∗d. The spetrum of ∆ is disrete and
will be denoted by
0 < λ1,p(M) ≤ λ2,p(M) ≤ . . . ≤ λk,p(M) ≤ . . .
where 0 is of multipliity bp(M) and the positive eigenvalues are repeated
as many times as their multipliity. Let us reall that half of the spetrum
is redundant. That is to say, if λ > 0 is an eigenvalue of ∆ on p-forms
and if Ep(λ) denotes the λ-eigenspae, then Ep(λ) splits as follows Ep(λ) =
Ed
∗
p (λ)⊕ Edp (λ) where Ed∗p (λ) = {ω ∈ Ep(λ) : d∗ω = 0} ⊆ d∗Λp+1(M) is the
λ-eigenspae of d∗d and Edp(λ) = {ω ∈ Ep(λ) : dω = 0} ⊆ dΛp−1(M) is the
λ-eigenspae of dd∗. Moreover, d∗ maps Edp (λ) isomorphially onto E
d∗
p−1(λ)
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and d maps Ed
∗
p (λ) isomorphially onto E
d
p+1(λ). Hene, Ep(λ) = E
d∗
p (λ) ⊕
Ed
∗
p−1(λ). So for our purpose it will be suient to study the spetrum of d
∗d
on oexat forms.
Let λd
∗
k,p(M) the k
th
(positive) eigenvalue of d∗d : d∗Λp+1(M) → d∗Λp+1(M).
The following variational haraterization of the spetrum of d∗d holds
λd
∗
k,p(M) = min
Σk
max
{‖dω‖2
‖ω‖2 : ω ∈ Σ
k \ {0}
}
where Σk ranges over all k-dimensional vetor subspaes of d∗Λp+1(M) and
‖ · ‖ denotes the L2-norm for dierential forms.
2.2 eh ohomology and ombinatorial Laplaian
LetMn be a ompat onneted n-dimensional manifold. Let U = {Ui}1≤i≤N
be a nite open over of M . The nerve of U , denoted by N(U), is the
simpliial omplex whose set of q-simplies is given by
Sq(U) = {(i0, . . . , iq) : i0 < . . . < iq and Ui0 ∩ . . . ∩ Uiq 6= ∅}
for any q ≥ 0. A eh q-ohain is an appliation c : Sq(U)→ R. Denote by
Cq(U) the set of eh q-ohains. Let us remark that Cq(U) is naturally en-
dowed with a vetor spae struture and let us dene a oboundary operator
δ : Cq(U)→ Cq+1(U) by
δc(i0, . . . , iq+1) =
q+1∑
j=0
(−1)jc(i0, . . . , ij−1, ij+1, . . . , iq+1)
for any {i0, . . . , iq+1} ∈ Sq+1(U). Then δ ◦ δ = 0 and the ohain omplex
{Cq(U), δ} gives rise to the eh ohomology groups of the over U , Hˇ∗(U).
Endow then Cq(U) with the following salar produt, for any c1, c2 ∈ Cq(U)
(c1, c2) =
∑
I∈Sq(U)
c1(I)c2(I)
and onsider δ∗ : Cq+1(U)→ Cq(U) the adjoint of δ with respet to (·, ·).
Denition 2.1 The ombinatorial Laplaian ∆ˇ : Cq(U) → Cq(U) is de-
ned by ∆ˇ = δδ∗ + δ∗δ.
The ombinatorial Laplaian is self-adjoint and non-negative by denition.
Its spetrum will be denoted by
0 < λ1,q(U) ≤ λ2,q(U) ≤ . . . ≤ λL,q(U)
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where 0 is of multipliity bˇq(U) and L + bˇq(U) = dim(Cq(U)) = |Sq(U)|. As
for the Laplaian on dierential forms, half of the spetrum is redundant i.e.
if λ > 0 is an eigenvalue of ∆ˇ on eh q-ohains and if Eˇq(λ) denotes the λ-
eigenspae, then Eˇq(λ) = Eˇ
δ∗
q (λ)⊕ Eˇδ∗q−1(λ) where Eˇδ∗q (λ) is the λ-eigenspae
of δ∗δ ating on δ∗Cq+1(U). So for our purpose it will be suient to study the
spetrum of δ∗δ on δ∗Cq+1(U) i.e. on oexat eh ohains. In the sequel,
λδ
∗
k,q(U) denotes the kth (positive) eigenvalue of δ∗δ : δ∗Cq+1(U)→ δ∗Cq+1(U).
The following variational haraterization holds
λδ
∗
k,q(U) = min
V k
max
{‖δc‖2
‖c‖2 : c ∈ V
k \ {0}
}
where V k ranges over all k-dimensional vetor subspaes of δ∗Cq+1(U).
2.3 De Rham Theorem
Reall that an open over U is alled ontratible if for any I ∈ Sq(U),
UI =
⋂
i∈I Ui is ontratible. The following theorem is due to de Rham.
Theorem 2.2 Let (Mn, g) be a ompat onneted n-dimensional Rieman-
nian manifold without boundary. Let U be a ontratible nite open over of
M . Then the pth group of de Rham's ohomology Hp(M) is isomorphi to
Hˇp(U).
Remark 2.3 Note that a onsequene of the de Rham Theorem is that if U
is a ontratible over, then bp(M) = bˇp(U).
Let us introdue now the vetor spaes Cq(U ,Λp) of q-ohains of p-forms i.e.
c is in Cq(U ,Λp) if c(I) is a p-form on UI for any I in Sq(U) . Dene then
the following oboundary operators
δ : Cq(U ,Λp)→ Cq+1(U ,Λp) dened by
δc(i0, . . . , iq+1) =
q+1∑
j=0
(−1)jc(i0, . . . , ij−1, ij+1, . . . , iq+1)
for any {i0, . . . , iq+1} ∈ Sq+1(U) and
d : Cq(U ,Λp)→ Cq(U ,Λp+1) dened by dc(I) = d(c(I))
for any I ∈ Sq(U). Then d ◦ d = 0, δ ◦ δ = 0 and d ◦ δ = δ ◦ d. The eh
- de Rham double omplex is the following ommutative diagram, where
r denotes the restrition map to eah open of the over and i the natural
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C0(U) δ−−−→ C1(U) δ−−−→ . . . δ−−−→ Cq−1(U) δ−−−→ Cq(U) δ−−−→ . . .yi yi yi yi
Λ0(M)
r−−−→ C0(U ,Λ0) δ−−−→ C1(U ,Λ0) δ−−−→ . . . δ−−−→ Cq−1(U ,Λ0) δ−−−→ Cq(U ,Λ0) δ−−−→ . . .yd yd yd yd yd
Λ1(M)
r−−−→ C0(U ,Λ1) δ−−−→ C1(U ,Λ1) δ−−−→ . . . δ−−−→ Cq−1(U ,Λ1) δ−−−→ Cq(U ,Λ1) δ−−−→ . . .yd yd yd yd yd
.
.
.
.
.
.
.
.
. · · · ... ...yd yd yd yd yd
Λp−1(M) r−−−→ C0(U ,Λp−1) δ−−−→ C1(U ,Λp−1) δ−−−→ . . . δ−−−→ Cq−1(U ,Λp−1) δ−−−→ Cq(U ,Λp−1) δ−−−→ . . .yd yd yd yd yd
Λp(M)
r−−−→ C0(U ,Λp) δ−−−→ C1(U ,Λp) δ−−−→ . . . δ−−−→ Cq−1(U ,Λp) δ−−−→ Cq(U ,Λp) δ−−−→ . . .yd yd yd yd yd
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
Figure 1: The eh - de Rham double omplexe.
injetion. The rst step in the proof of the de Rham Theorem is to show
that the rows (exept the rst) and the olumns (exept the rst) of this
diagram are exat. This is a diret onsequene of the Poinaré Lemma
(Lemma 2.4) and Lemma 2.5.
Lemma 2.4 Let p > 0. Let U be a ontratible over. Let ω ∈ Cq(U ,Λp)
suh that dω = 0. Then there exists η ∈ Cq(U ,Λp−1) suh that dη = ω.
Proof : see [17℄, A.6. 
Lemma 2.5 Let q > 0. Let c ∈ Cq(U ,Λp) suh that δc = 0. Then there
exists b ∈ Cq−1(U ,Λp) suh that δb = c.
Proof : see [17℄, proof of Lemma A.4.1. 
The proof of the de Rham Theorem goes then as follows. Let ω ∈ Λp(M)
suh that dω = 0. Let f0 = r(ω) ∈ C0(U ,Λp), then df0 = 0 = δf0 and the
system of equations
f0 = df1 , δf1 = df2 , δf2 = df3 , . . . , δfp−1 = dfp
has a solution with fj ∈ Cj−1(U ,Λp−j) for j ≥ 1. Moreover, δ(δfp) = 0,
hene δfp ∈ Cp(U). The appliation Ψ : {ω ∈ Λp(M) : dω = 0} → {c ∈
Cp(U) : δc = 0} given by Ψ(ω) = δfp, where fp is onstruted as above,
indues an isomorphism in ohomology. In partiular, if ω is exat, Ψ(ω)
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is also exat i.e. there exists c ∈ Cp−1(U) suh that δc = Ψ(ω) (note that
in general fp /∈ Cp−1(U)). Naturally, we an onstrut another appliation
going from losed eh p-ohains to losed p-forms exatly in the same way
and obtain also an isomorphism in ohomology. 
2.4 Disretization of a manifold
Let (Mn, g) be a onneted ompat n-dimensional Riemannian manifold
without boundary. Let ε > 0.
Denition 2.6 An ε-disretization X of M is a maximal ε-separated subset
of M i.e. X is a subset of M satisfying
(i) ∀p 6= q ∈ X, d(p, q) ≥ ε,
(ii) UX = {B(p, ε)}p∈X is an open over of M .
Note that as M is ompat, X is nite of ardinality |X|. So we an
number the elements of X = {p1, . . . , p|X|} and denote Ui = B(pi, ε), for
i = 1, . . . , |X|. In partiular, any disretization of M gives rise to a ombi-
natorial Laplaian ∆ˇ as dened in Setion 2.2. In the sequel, λk,q(X) will
denote the kth eigenvalue of the ombinatorial Laplaian assoiated to the
open over UX ating on eh q-ohains i.e. λk,q(X) = λk,q(UX).
Note also that if ε (the mesh of the disretization) is smaller than the onvex-
ity radius of M , then UX is a ontratible open over and bˇp(UX) = bp(M).
Denition 2.7 For κ ≥ 0, r0 > 0 and n ∈ N∗, we dene M(n, κ, r0) as the
set of all onneted ompat n-dimensional Riemannian manifold (Mn, g)
without boundary with uniformly bounded setional urvature i.e. |Kg| ≤ κ
and injetivity radius bounded below i.e. Inj(M, g) ≥ r0.
Remark 2.8 For n ∈ N∗, κ ≥ 0, r0 > 0 and 0 < 2ε < r0, there exists
ν(n, κ) > 0 suh that, for any (M, g) ∈ M(n, κ, r0) and any ε-disretization
X of M , the ardinality of {j : Uj ∩ UI 6= ∅} is bounded above by ν, for any
I ∈ Sq(UX). This is a diret onsequene of the Bishop-Gromov volume om-
parison Theorem (see for instane [8℄, Lemma V.3.1, p.147). Furthermore,
by Croke's Inequality and Bishop's omparison Theorem (see [8℄ p.126 and
p.136) we an assert that there exist positive onstants c1, c2 depending only
on n, κ and ε suh that c1V ol(M) ≤ |X| ≤ c2V ol(M). In partiular, we
obtain that |Sq(UX)| ≤ νq(q+1)! |X| ≤ ν
q
(q+1)!
c2V ol(M).
The following lemma shows that in general a suiently small ball is quasi-
isometri (in the sense of [13℄, (3.2)) to a Eulidean onvex. In partiular,
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this will imply that on intersetions of suiently small balls we an nd a
lower bound for the rst positive eigenvalue of ∆ with absolute boundary
ondition (see Lemma 2.10). This is an essential result for the disretization
as we will see later.
Lemma 2.9 Let n ∈ N∗, κ ≥ 0 and r0 > 0. There exists a onstant 0 < ρ0 <
r0 depending only on n, κ and r0 suh that for any (M, g) ∈M(n, κ, r0) and
for any p ∈M , there exist a Eulidean onvex Cp ⊆ Rn and a dieomorphism
ϕ : Cp → B(p, ρ0) suh that for any B(q, ρ) ⊆ B(p, ρ0), the ball B(q, ρ) is
onvex and ϕ−1(B(q, ρ)) is a Eulidean onvex. Moreover, (B(q, ρ), g) is
quasi-isometri to B(q, ρ) endowed with the Eulidean metri indued by ϕ−1
and the onstants of quasi-isometry depend only on n, κ and d(p, q) + ρ.
Proof : see Appendix A.2. 
Note that the intersetion of small balls is a onvex with not neessarily
smooth boundary. So that it is not obvious that in this ase the spetrum
of the Laplaian with absolute boundary ondition is disrete. In [25℄, the
authors show that the spetrum of the Laplaian with absolute (or relative)
boundary ondition is disrete even if the boundary is only given by a Lips-
hitz funtion (Proposition 5.3 in [25℄). Moreover, Theorem 5.1 of [26℄ implies
that the following lassial variational haraterization of the spetrum is still
valid for bounded onvex domains i.e. if Ω is a bounded onvex domain of
M , then the kth eigenvalue of the Laplaian for p-forms on Ω with absolute
boundary ondition is given by
λabsk,p(Ω) = min
Σk
max
{‖dω‖2 + ‖δω‖2
‖ω‖2 : ω ∈ Σ
k \ {0} suh that iν(ω) = 0
}
where Σk ranges over all k-dimensional vetor subspaes of Λp(Ω) and iν is
the interior produt by ν the outward pointing normal unit vetor to the
boundary (dened almost everywhere). In partiular, the result on quasi-
isometri metris of Dodziuk (Proposition 3.3 of [13℄) is valid in this ontext.
Lemma 2.10 Let n ≥ 2, κ ≥ 0, r0 > 0 and let ρ0 given by Lemma 2.9.
Let 0 < 3ε < ρ0. Then there exists a positive onstant µ(n, κ, ε) depending
only on n, κ and ε suh that for any (M, g) ∈ M(n, κ, r0) and for any ε-
disretization X of M
λabs1,p (UI) ≥ µ(n, κ, ε)
for any p = 0, . . . , n and any I ∈ Sq(UX), q ≥ 0.
Proof : let (M, g) ∈ M(n, κ, r0) and X an ε-disretization of M with 0 <
3ε < ρ0. Fix p ∈ X and let q ∈ X suh that B(p, ε) ∩ B(q, ε) 6= ∅. Then
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B(q, ε) ⊆ B(p, 3ε) ⊆ B(p, ρ0). By Lemma 2.9, there exists a dieomor-
phism ϕ suh that ϕ−1(B(q, ε)) is a Eulidean onvex for any q ∈ X suh
that B(q, ε) ∩ B(p, ε) 6= ∅. In partiular, ϕ−1 (B(p, ε) ∩B(q, ε)) is an inter-
setion of Eulidean onvexes and as suh it is a Eulidean onvex. More-
over, ϕ−1 restrited to B(p, 3ε) is a quasi-isometry with onstants of quasi-
isometry depending only on n, κ and ε. Let UI a non-empty nite inter-
setion of elements of UX and VI = ϕ−1(UI) the Eulidean onvex whih is
quasi-isometri to UI via ϕ i.e. (ϕ(VI), (ϕ
−1)∗(eucl)) is quasi-isometri to
(UI , g) with onstants of quasi-isometry α depending only on n, κ and ε (i.e.
α−1(ϕ−1)∗(eucl) ≤ g ≤ α(ϕ−1)∗(eucl)). Then by Proposition 3.3 of [13℄,
there exist positive onstants c1 and c2 depending only on α and n suh that
c1λ
abs
1,p (UI , (ϕ
−1)∗(eucl)) ≤ λabs1,p (UI , g) ≤ c2λabs1,p (UI , (ϕ−1)∗(eucl)). (2.1)
Note that (UI , (ϕ
−1)∗(eucl)) is a Eulidean onvex of diameter bounded above
by d(n, κ, ε). Finally, Guerini shows in [18℄, that the rst eigenvalue of the
Laplaian with absolute boundary ondition on a Eulidean onvex with
smooth boundary is bounded below by a onstant depending on the diameter
of the onvex. Note that Guerini's proof an be adapted straightforward to
obtain the same result for onvexes with pieewise smooth boundary. Hene,
we obtain that there exists a positive onstant c(n, p) suh that
λabs1,p (UI , (ϕ
−1)∗(eucl)) ≥ c(n, p)
diam(UI , (ϕ−1)∗(eucl))2
≥ c(n, p)
d(n, κ, ε)2
(2.2)
Finally, (2.1) and (2.2) imply the laim. 
3 Comparison of spetra
This setion is devoted to the proof of the main theorem of the paper. Let
us state the result.
Theorem 3.1 Let n ≥ 2, κ ≥ 0, r0 > 0. Let ρ0(n, κ, r0) be given by Lemma
2.9 and 0 < 3ε < ρ0. Let 1 ≤ p ≤ n− 1. Then there exist positive onstants
c1, c2 depending only on n, p, κ and ε suh that for any M ∈M(n, κ, r0) and
for any ε-disretization X of M , we have
c1λk,p(X) ≤ λk,p(M) ≤ c2λk,p(X)
for any 1 ≤ k ≤ |Cp(UX)| − bˇp(UX) = |Cp(UX)| − bp(M).
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As we have seen before (in Setion 2.1), it will be suient to establish the
result for the spetrum of d∗d on oexat p-forms and for the spetrum of
δ∗δ on oexat eh p-ohains. The proof goes in two steps. First step on-
sists in omparing "small" eigenvalues. We need to onstrut a disretizing
operator that assoiates to a oexat p-form a oexat eh p-ohain (see
Setion 3.1) and a smoothing operator that goes in the opposite diretion
(see Setion 3.2), in order to ompare their respetive Rayleigh quotients.
The idea is to proeed as in the proof of the de Rham Theorem and use the
eh - de Rham double omplexe. But as we need a ontrol of the norms
involved, we have to establish versions of the Poinaré Lemma (Lemma 2.4)
and of Lemma 2.5 with a suitable ontrol of the norms (see Lemma 3.2 and
Lemma 3.5). The seond step of the proof deals with "large" eigenvalues and
is redued to nd upper bounds for the kth eigenvalues involved depending
only on the parameters of the problem (see Setion 3.3).
In the sequel, we onsider (M, g) in M(n, κ, r0) and X an ε-disretization
with 0 < 3ε < ρ0. Denote by U the open over indued by X i.e. U = {Ui =
B(pi, ε) : i = 1, . . . , |X|} and x 1 ≤ p ≤ n− 1.
3.1 From smooth forms to eh ohains
In this setion, we are going to onstrut
D : d∗Λp+1(M)→ δ∗Cp+1(U)
suh that there exist positive onstants c1, c2 and Λ depending only on n, p,
κ and ε suh that
(i)D ‖δD(ω)‖2 ≤ c1‖dω‖2, for any ω ∈ d∗Λp+1(M),
(ii)D ‖Dω‖2 ≥ c2‖ω‖2, for any ω ∈ d∗Λp+1(M) satisfying ‖dω‖2 ≤ Λ‖ω‖2.
To that aim, we need the following version of the Poinaré Lemma. Note
that this lemma will be veried in partiular by any non-empty intersetion
of open sets in U thanks to Lemma 2.10 (where µ depends on n, κ and ε).
Lemma 3.2 Let U be a ontratible open set suh that λabs,d1,p (U) ≥ µ > 0,
(1 ≤ p ≤ n). Let ω be a losed L2-integrable p-form on U i.e. dω = 0. Then
there exists η ∈ Λp−1(U) suh that dη = ω and ‖η‖2L2(U) ≤ 2µ‖ω‖2L2(U).
Proof : we have the following haraterization of the rst eigenvalue of the
Laplaian on exat p-forms (see Proposition 3.1. of [13℄ or Proposition 2.1.
of [24℄),
λabs,d1,p (U) = inf
V
sup
{‖ω‖2
L2(U)
‖η‖2
L2(U)
: ω ∈ V \ {0} , dη = ω
}
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where V ranges over all 1-dimensional vetor subspaes of exat p-forms. If
ω ∈ Λp(U) is losed, by the Poinaré Lemma ω is exat. So that we get
µ ≤ λabs,d1,p (U) ≤ sup
{‖ω‖2
L2(U)
‖η‖2
L2(U)
: dη = ω
}
and hene there exists η ∈ Λp−1(U) suh that dη = ω and 1
2
µ ≤ ‖ω‖
2
L2(U)
‖η‖2
L2(U)
whih is the laim. 
Remark 3.3 Let us introdue the following norm. If c ∈ Cq(U ,Λp) let
‖c‖2 =
∑
I∈Sq(U)
‖c(I)‖2L2(UI)
where ‖ · ‖L2(UI) denotes the L2-norm for p-forms on UI . In partiular, if
ω is a p-form on M and r is the restrition to eah open of U , then there
exist positive onstants c1 and c2 depending only on n, κ and ε suh that
c1‖r(ω)‖2 ≤ ‖ω‖2 ≤ c2‖r(ω)‖2.
Constrution by indution of D
Let ω ∈ d∗Λp+1(M). The goal is to onstrut D(ω) ∈ δ∗Cp+1(U). The idea is
to onsider dω whih is an exat (p+1)-form and to onstrut an exat eh
(p + 1)-ohain δD(ω) suh that (i)D holds. A suitable andidate for δD(ω)
is the eh ohain given by the proof of the de Rham Theorem and the
double omplexe. Moreover, the double omplexe and the normed version of
the Poinaré Lemma give almost diretly the inequality (i)D, whereas (ii)D
is not a so diret onsequene of the onstrution. Hene, as suggested in [7℄,
we onstrut an auxiliary p-form thanks to Whitney forms to obtain (ii)D.
We proeed by indution.
First step of indution: dene cp+1,0 ∈ C0(U ,Λp+1) by cp+1,0 = r(dω) i.e.
cp+1,0(i) = dω|Ui . Then dcp+1,0 = 0 = δcp+1,0 and W (cp+1,0) = dω, where
W is the Whitney map dened in Appendix A.1. Then there exist positive
onstants c1, c2 and c3 depending only on n, p, κ and ε suh that the three
following assertions hold.
(a)1 There exists cp,0 ∈ C0(U ,Λp) suh that dcp,0 = cp+1,0 and ‖cp,0‖2 ≤
c1‖dω‖2.
(b)1 Let cp,1 = δcp,0. We have δcp,1 = 0 = dcp,1 and ‖cp,1‖2 ≤ c2‖dω‖2.
(c)1 Let v
(1) = W (cp,0) ∈ Λp(M). We have dv(1) = dω + W (cp,1) and
‖v(1)‖2 ≤ c3‖dω‖2.
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Indeed, (a)1 is a diret onsequene of Lemma 3.2, of the denition of cp+1,0
and of Remark 3.3. Then, learly δcp,1 = 0 and dcp,1 = δdcp,0 = δcp+1,0 = 0.
Moreover, there exists c(n, κ, ε) suh that for any ohain ‖δb‖2 ≤ c‖b‖2
(see (3.3)) and ombined with (a)1 this implies (b)1. Finally, by Lemma A.4
dv(1) = W (cp,1) +W (cp+1,0) = dω +W (cp,1). Moreover, by Lemma A.5 and
by (a)1, we get ‖v(1)‖2 ≤ cst‖cp,0‖2 ≤ c3‖dω‖2.
Indution hypothesis: (for 1 ≤ q < p + 1) there exist positive onstants
c1, c2 and c3 depending only on n, p, κ and ε suh that the three following
assertions hold.
(a)q There exists cp+1−q,q−1 ∈ Cq−1(U ,Λp+1−q) suh that
dcp+1−q,q−1 = cp+1−(q−1),q−1 and ‖cp+1−q,q−1‖2 ≤ c1‖dω‖2.
(b)q Let cp+1−q,q = (−1)q+1q · δcp+1−q,q−1. We have δcp+1−q,q = 0 = dcp+1−q,q
and ‖cp+1−q,q‖2 ≤ c2‖dω‖2.
(c)q Let v
(q) = v(q−1) +W (cp+1−q,q−1) ∈ Λp(M). We have
dω = dv(q) + (−1)qW (cp+1−q,q) and ‖v(q)‖2 ≤ c3‖dω‖2.
Proof : suppose the hypothesis of indution is satised for some 1 ≤ q ≤ p
and let us show it holds for q + 1. By (b)q, Lemma 3.2 and Lemma 2.10,
there exists cp−q,q ∈ Cq(U ,Λp−q) and µ > 0 suh that dcp−q,q = cp+1−q,q and
‖cp−q,q(I)‖2L2(UI ) ≤ 2µ‖cp+1−q,q(I)‖2L2(UI). Combined with (b)q this implies that
‖cp−q,q‖2 ≤ 2µ‖cp+1−q,q‖2 ≤ c1‖dω‖2 whih is (a)q+1. Let us onsider now
cp−q,q+1 = (−1)q(q + 1)δcp−q,q
then learly δcp−q,q+1 = 0 and dcp−q,q+1 = (−1)q(q + 1)δcp+1−q,q = 0 by (b)q.
Moreover, ‖cp−q,q+1‖2 ≤ cst‖cp−q,q‖2 ≤ c2‖dω‖2 by (a)q+1. This onludes
the proof of (b)q+1. Finally, if v
(q+1) = v(q) +W (cp−q,q) we obtain with (c)q
and Lemma A.4 that
dω = dv(q+1) − d(W (cp−q,q)) + (−1)qW (cp+1−q,q)
= dv(q+1) − (q + 1)W (δcp−q,q)− (−1)qW (dcp−q,q) + (−1)qW (cp+1−q,q)
= dv(q+1) + (−1)q+1W (cp−q,q+1).
Finally, thanks to Lemma A.5, (c)q and (a)q+1 we obtain that ‖v(q+1)‖2 ≤
cst(‖v(q)‖2 + ‖cp−q,q‖2) ≤ c3‖dω‖2. This onludes the indution.
End of the indution: (for q = p+1) we get c0,p+1 ∈ Cp+1(U ,Λ0) suh that
dc0,p+1 = 0. This implies in partiular that c0,p+1 ∈ i(Cp+1(U)). Moreover
by the proof of the de Rham Theorem seen in Setion 2.3, the ohain c0,p+1
represents the same ohomology lass as dω i.e. there exists γ ∈ Cp(U) suh
that i(δγ) = c0,p+1.
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Denition 3.4 We dene Dω as the unique eh p-ohain in δ∗Cp+1(U)
suh that i (δD(ω)) = c0,p+1.
We prove now (i)D and (ii)D. Firstly, by (b)p+1 of the indution we get that
there exists a onstant c1 depending only on n, p, κ and ε suh that
‖δD(ω)‖2 ≤ cst‖c0,p+1‖2 ≤ c1‖dω‖2
and this proves (i)D. Seondly, by (c)p+1 we an write
dω = dv(p+1) + (−1)p+1W (δD(ω)) = dv(p+1) + (−1)
p+1
p + 1
dW (D(ω)) (3.1)
where we used Lemma A.4 and the fat that d(i(D(ω))) = 0 in the last
equality. Moreover, as ω is oexat, and if coex(·) denotes the oexat part
of a form given by the Hodge deomposition, we dedue that
ω = coex(v(p+1)) +
(−1)p+1
p+ 1
coex (W (D(ω))) .
Therefore, by Lemma A.5 and using this last equality we obtain
‖D(ω)‖ ≥ cst‖W (D(ω))‖ ≥ cst(‖ω‖ − ‖v(p+1)‖). (3.2)
Finally, by (c)p+1 there exists C
′
depending only on n, p, κ and ε suh that
‖D(ω)‖ ≥ cst(‖ω‖ − C ′‖dω‖). Let then Λ = 1
4C′2
so that if ‖dω‖2 ≤ Λ‖ω‖2
then ‖D(ω)‖ ≥ c2‖ω‖ whih is the requested inequality in (ii)D. 
3.2 From eh ohains to smooth forms
In this setion, we are going to onstrut
S : δ∗Cp+1(U)→ d∗Λp+1(M)
suh that there exist positive onstants c′1, c
′
2 and Λ
′
depending only on n,
p, κ and ε suh that
(i)S ‖dS(c)‖2 ≤ c′1‖δc‖2, for any c ∈ δ∗Cp+1(U),
(ii)S ‖Sc‖2 ≥ c′2‖c‖2, for any c ∈ δ∗Cp+1(U) satisfying ‖δc‖2 ≤ Λ′‖c‖2.
The onstrution of S is similar to the onstrution ofD. The main dierene
is that the Whitney map is not the suitable tool to obtain (ii)S . So we have to
do a rst indution to onstrut S and a seond indution (slightly dierent)
to prove (ii)S . We begin by adjusting Lemma 2.5 to our purpose.
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Lemma 3.5 Let U be a ontratible over and {ϕj} a partition of unity
subordinated to U . Let ν > 0 suh that |{j : Uj ∩ UI 6= ∅}| ≤ ν for any
I ∈ Sk(U) and any k = 0, . . . , n. Let c ∈ Cq(U ,Λp) (q ≥ 1) suh that δc = 0.
Then there exists b ∈ Cq−1(U ,Λp) suh that δb = c and there exist positive
onstants c1, c2 depending only on ν and on a bound on ‖dϕj‖∞ suh that
(i) ‖b‖2 ≤ c1‖c‖2
(ii) ‖db‖2 ≤ c2(‖c‖2 + ‖dc‖2)
Proof : a suitable b is given by Lemma A.4.1 in [17℄ and dened by
b(I) =
∑
j s.t. Uj∩UI 6=∅
ϕj · c({j} ∪ I)
so that b veries already δb = c. Then (i) is an immediate onsequene
of the denition of b and ν. It remains to show (ii). We have ‖db‖2 =∑
I∈Sq−1(U) ‖db(I)‖2. Moreover
‖db(I)‖2 =
∥∥∥∥∥∥
∑
j s.t. Uj∩UI 6=∅
dϕj ∧ c({j} ∪ I) + ϕjdc({j} ∪ I)
∥∥∥∥∥∥
2
≤ 2ν
∑
j s.t. Uj∩UI 6=∅
‖dϕj ∧ c({j} ∪ I)‖2 + ‖ϕjdc({j} ∪ I)‖2
and this implies the laim. 
Remark 3.6 In the sequel, we will onsider a partition of unity {ϕj} sub-
ordinated to an open over made of balls of radius ε, so that we an nd
a bound on ‖dϕj‖∞ depending only on ε. In partiular, this bound will be
replaed by a onstant depending only on ε.
Constrution by indution of S(·)
Let us now proeed to the onstrution of S and to the proof of (i)S . Let
c ∈ δ∗Cp+1(U). Then δc is an exat eh (p+ 1)-ohain.
First step of indution: dene c0,p+1 ∈ Cp+1(U ,Λ0) by c0,p+1 = i(δc) i.e.
c0,p+1(I) = δc(I) for any I ∈ Sp+1(U). Clearly, δc0,p+1 = 0 = dc0,p+1. Then
there exist positive onstants c′1, c
′
2 depending only on n, p, κ and ε suh
that
(a′)1 there exists c0,p ∈ Cp(U ,Λ0) suh that δc0,p = c0,p+1 and ‖c0,p‖2 ≤
c′1‖δc‖2.
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(b′)1 Let c1,p = dc0,p. Then δc1,p = 0 and ‖c1,p‖2 ≤ c′2‖δc‖2.
Indeed, (a′)1 is a diret onsequene of Lemma 3.5 as δc0,p+1 = 0 and of (3.3).
The bound on the norm of dc0,p follows also from Lemma 3.5 as dc0,p+1 = 0.
Finally, we have δc1,p = dδco,p = dc0,p+1 = 0.
Indution hypothesis: (for 1 ≤ q < p + 1) there exist positive onstants
c′1, c
′
2 depending only on n, p, κ and ε suh that
(a′)q there exists cq−1,p+1−q ∈ Cp+1−q(U ,Λq−1) suh that
δcq−1,p+1−q = cq−1,p+1−(q−1) and ‖cq−1,p+1−q‖2 ≤ c′1‖δc‖2.
(b′)q Let cq,p+1−q = dcq−1,p+1−q. Then δcq,p+1−q = 0 and ‖cq,p+1−q‖2 ≤
c′2‖δc‖2.
Proof : suppose the hypothesis of indution is veried for some 1 ≤ q ≤ p
and let us show it holds for q + 1. By (b′)q and by Lemma 3.5 there
exists cq,p−q ∈ Cp−q(U ,Λq) suh that δcq,p−q = cq,p+1−q and ‖cq,p−q‖2 ≤
cst‖cq,p+1−q‖2. Combined with (b′)q, this implies (a)q+1. Moreover, let us on-
sider cq+1,p−q = dcq,p−q. Then, by denition of cq,p+1−q we have δcq+1,p−q =
dδcq,p−q = dcq,p+1−q = 0. Finally, by Lemma 3.5, we have ‖cq+1,p−q‖2 ≤
cst(‖cq,p+1−q‖2+ ‖dcq,p+1−q‖2). As we have dcq,p+1−q = 0 and by (b′)q, we get
‖cq+1,p−q‖2 ≤ c′2‖δc‖2. This onludes the indution.
End of the indution: (for q = p+ 1) we obtain cp+1,0 ∈ C0(U ,Λp+1) suh
that δcp+1,0 = 0. This implies that cp+1,0 is the restrition of a well-dened
(p+1)-form and by the de Rham Theorem as δc is exat, the 0-ohain cp+1,0
is exat and is the restrition of an exat (p+ 1)-form.
Denition 3.7 Let S(c) ∈ d∗Λp+1(M) be the unique oexat p-form suh
that r(dS(c)) = cp+1,0.
An immediate onsequene of the indution is (i)S . Indeed, from (b′)p+1 and
Remark 3.3 follows that there exists a positive onstant c′1 depending only
on n, p, κ and ε suh that ‖dS(c)‖2 ≤ c′1‖δc‖2.
Let us now proeed to a seond indution in order to prove (ii)S . The goal
is to onstrut b ∈ Cp(U) suh that δb = ±δc and ‖b‖ ≤ cst(‖S(c)‖ + ‖δc‖)
where cst is a positive onstant depending only on n, p, κ and ε. These are in
fat the orresponding equations for (3.1) and (3.2) in the disretizing part.
In the indution, we will use the cr,s appearing in the onstrution of S.
First step of indution: dene bp,0 = r(S(c))− cp,0 ∈ C0(U ,Λp). We have
dbp,0 = cp+1,0−dcp,0 = 0. Then there exist positive onstants c′′1, c′′2 depending
only on n, p, κ and ε suh that
(a′′)1 there exists bp−1,0 ∈ C0(U ,Λp−1) suh that dbp−1,0 = bp,0 and ‖bp−1,0‖2 ≤
c′′1(‖S(c)‖ + ‖δc‖).
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(b′′)1 Let bp−1,1 = δbp−1,0 + cp−1,1. Then we have dbp−1,1 = 0 and ‖bp−1,1‖ ≤
c′′2(‖S(c)‖ + ‖δc‖).
Indeed, as p ≥ 1 and dbp,0 = 0, by Lemma 3.2 there exists bp−1,0 ∈ C0(U ,Λp−1)
suh that dbp−1,0 = bp,0 and ‖bp−1,0‖ ≤ cst‖bp,0‖. By denition of bp,0 and by
(a′)p+1 of the previous indution we obtain then (a′′)1. Let us onsider now
bp−1,1 = δbp−1,0+cp−1,1. Then we have dbp−1,1 = δbp,0+cp,1 = −δcp,0+cp,1 = 0.
Finally, by onstrution and by (3.3) ‖bp−1,1‖ ≤ cst(‖bp−1,0‖+‖cp−1,1‖). This
last inequality ombined with (a′′)1 and (a′)p leads to (b′′)1.
Indution hypothesis: (for 1 ≤ q < p − 1) there exist positive onstants
c′′1, c
′′
2 depending only on n, p, κ and ε suh that
(a′′)q there exists bp−q,q−1 ∈ Cq−1(U ,Λp−q) suh that dbp−q,q−1 = bp−(q−1),q−1
and ‖bp−q,q−1‖2 ≤ c′′1(‖S(c)‖+ ‖δc‖).
(b′′)q Let bp−q,q = δbp−q,q−1 + (−1)q+1cp−q,q. Then we have dbp−q,q = 0 and
‖bp−q,q‖ ≤ c′′2(‖S(c)‖ + ‖δc‖).
Proof : suppose the indution hypothesis holds for some 1 ≤ q ≤ p − 1
and let us show it holds for q + 1. By (b′′)q and Lemma 3.2 there exists
bp−(q+1),q ∈ Cq(U ,Λp−(q+1)) suh that dbp−(q+1),q = bp−q,q and ‖bp−(q+1),q‖2 ≤
cst‖bp−q,q‖2 and it sues to use (b′′)q to obtain (a′′)q+1. Then onsider
bp−(q+1),q+1 = δbp−(q+1),q + (−1)qcp−(q+1),q+1. We have
dbp−(q+1),q+1 = δbp−q,q + (−1)qcp−q,q+1
= δ(δbp−q,q−1 + (−1)q+1cp−q,q) + (−1)qδcp−q,q
= 0.
Finally, by onstrution of bp−(q+1),q+1 we have
‖bp−(q+1),q+1‖ ≤ cst(‖bp−(q+1),q‖+ ‖cp−(q+1),q+1‖)
and with (a′′)q+1 and (a′)p−q we obtain (b′′)q+1. This ends the indution.
End of the indution: (for q = p) we obtain b0,p ∈ Cp(U ,Λ0) suh that
db0,p = 0 i.e. b0,p ∈ Cp(U) and δb0,p = (−1)p+1δc0,p = (−1)p+1c0,p+1 =
(−1)p+1δc. Hene, b0,p and c have same oexat part and as c is already
oexat we obtain by (b′′)p, ‖c‖ ≤ ‖b0,p‖ ≤ cst(‖S(c)‖+ ‖δc‖). In partiular,
‖S(c)‖ ≥ 1
cst
‖c‖ − ‖δc‖
then let Λ′ = 1
4cst2
so that if ‖δc‖2 ≤ Λ‖c‖2 then ‖S(c)‖ ≥ c′2‖c‖. This ends
the proof of (ii)S . 
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3.3 Upper bounds on the spetra
Lemma 3.8 Let (Mn, g) be a ompat onneted Riemannian manifold and
let U be a nite ontratible open over of M suh that there exists ν > 0 suh
that |{j : Uj ∩ UI 6= ∅}| ≤ ν for any I ∈ Sq(U) and any q ≥ 0. Then there
exists a positive onstant c depending only on ν and p suh that λk,q(U) ≤ c
for any k = 1, . . . , |Sq(U)| − bˇq(U).
Proof : it sues to show the result for the spetrum of δ∗δ on δ∗Cp+1(U).
We are going to show that there exists a positive onstant depending only
on ν and p suh that for any b ∈ Cp(U)
‖δb‖2 ≤ cst‖b‖2 (3.3)
and then the variational haraterization of the spetrum of δ∗δ will imply
the laim. Reall that δb(I) =
∑
i∈I ǫ(i, I\i)b(I\i) where ǫ(i, I\i) denotes the
signature of the permutation ordering {i}∪(I\i) to obtain I and I ∈ Sp+1(U).
Hene
|δb(I)|2 ≤ (p + 2)
∑
i∈I
|b(I \ i)|2.
This implies that
‖δb‖2 =
∑
I∈Sp+1(U)
|δb(I)|2 ≤ (p+ 2)
∑
I∈Sp+1(U)
∑
i∈I
|b(I \ i)|2
≤ (p+ 2)ν
∑
J∈Sp(U)
|b(J)|2 = (p+ 2)ν‖b‖2
whih is the laim. 
Lemma 3.9 Let (M, g) ∈ M(n, κ, r0) and X an ε-disretization with 0 <
ε ≤ r0. Let 1 ≤ p ≤ n−1. Then there exists a positive onstant c′ depending
only on n, p, κ and ε suh that λk,p(M) ≤ c′ for any k ≤ |Sp(UX)| − bˇp(UX).
Proof : it sues to show the result for k = |Sp(UX)|− bˇp(UX). By a theorem
of Abresh (see [11℄, Theorem 1.12) there exists a Riemannian metri g˜ on
M suh that
(a) e−
1
4 g ≤ g˜ ≤ e 14 g
(b) |∇g −∇g˜| ≤ 1
4
() |Kg˜| ≤ κ˜(n, κ) and |∇g˜Rg˜| ≤ K(n, κ)
18
where κ˜ and K depend only on n and κ. By Proposition 3.3. of [13℄, there
exist a positive onstant c depending only on e
1
4
suh that
λk,p(M, g) ≤ cλk,p(M, g˜).
Therefore it sues to show the laim for (M, g˜). By Remark 2.8 and by
onstrution of g˜, there exists a positive onstant d depending only on n, p, κ,
ε suh that |Sp(UX)| ≤ dV ol(M, g˜). Moreover, there exist α > 0 depending
only on p, n, κ and ε suh that if Y is an α-disretization of (M, g˜) then
|Y | ≥ |Sp(UX)| and bˇp(UY ) = bˇp(UX). Consider then the disjoint balls (for g˜)
entered at y ∈ Y of radius α
2
. From Proposition 2.3. of [13℄, on any of these
balls there exists a p-form ωy whih is zero on the boundary of the ball, so
that we an extend ωy by zero to obtain a p-form on M also denoted ωy suh
that
‖dωy‖2g˜ + ‖d∗g˜ωy‖2g˜
‖ωy‖2g˜
≤ µ(n, p, κ, ε) (3.4)
where µ(n, p, κ, ε) is a positive onstant depending only on n, p, κ and ε.
Moreover, we an hoose ωy suh that ‖ωy‖ = 1.
Let then V the vetor subspae of p-forms spanned by {ωy : y ∈ Y }. By
onstrution, ωy is orthogonal to ωx if x 6= y. In partiular, V is of dimension
|Y |. Therefore, by the variational haraterization of the spetrum, we obtain
λ|Y |−bˇp(UY ),p(M, g˜) ≤ max
{‖dω‖2g˜ + ‖d∗g˜ω‖2g˜
‖ω‖2g˜
: ω ∈ V \ {0}
}
. (3.5)
Furthermore, if ω =
∑
y∈Y ayωy, then as the balls entered on Y of radius
α
2
are disjoint ‖ω‖2g˜ ≥
∑
y∈Y a
2
y and ombined with (3.4) this implies that
‖dω‖2g˜ ≤
∑
y∈Y
a2y‖dωy‖2g˜ ≤ µ‖ω‖2g˜ (3.6)
and
‖d∗g˜ω‖2g˜ ≤
∑
y∈Y
a2y‖d∗g˜ωy‖2g˜ ≤ µ‖ω‖2g˜. (3.7)
It sues then to introdue (3.6) and (3.7) in (3.5) to obtain that
λ|Y |−bˇp(UY ),p(M, g˜) ≤ 2µ
and in partiular that λk,p(M, g) ≤ 2cµ, for k ≤ |Sp(UX)| − bˇp(UX). 
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3.4 Proof of the main result
We prove now Theorem 3.1. We will only proeed to the proof of the inequal-
ity λk,p(M) ≤ c2λk,p(X) as the other inequality an be proved in the same
way using the orresponding results. Reall it sues to prove the result for
d∗d on oexat forms and for δ∗δ on oexat eh ohains. We proeed in
two steps. Let Λ′ given by (ii)S .
First step: assume λδ
∗
k,p(X) ≥ Λ′. Then, λd∗k,p(M) ≤ Λ′−1λδ∗k,p(X)λd∗k,p(M) and
by Lemma 3.9 we obtain λd
∗
k,p(M) ≤ Λ′−1c′λδ∗k,p(X) whih is the laim.
Seond step: assume now λδ
∗
k,p(X) ≤ Λ′. Let us onsider c1, . . . , ck ∈
δ∗Cp+1(U ,) the eh λδ∗1,p(X), . . . , λδ∗k,p(X)-eigenohains suh that (ci, cj) =
δij . Denote by V
k
the k-dimensional vetor subspae of δ∗Cp+1(U) they span.
By the variational haraterization of the spetrum we have
λδ
∗
k,p(X) = max
{‖δc‖2
‖c‖2 : c ∈ V
k \ {0}
}
.
Let us onsider now SV k the vetor subspae of d∗Λp+1(M) spanned by
{S(c1), . . . ,S(ck)}. Then if S(c) ∈ SV k, S(c) =
∑k
i=1 aiS(ci) with c =∑k
i=1 aici ∈ V k. So that we have ‖δc‖2 ≤ λδ
∗
k,p(X)‖c‖2 ≤ Λ′‖c‖2. Therefore,
by (ii)S we obtain
‖S(c)‖2 ≥ c′2‖c‖2 (3.8)
and this says in partiular that SV k is of dimension k. Using the variational
haraterization of λd
∗
k,p(M) we get
λd
∗
k,p(M) ≤ max
{‖dω‖2
‖ω‖2 : ω ∈ SV
k \ {0}
}
= max
{‖dS(c)‖2
‖S(c)‖2 : c ∈ V
k \ {0}
}
.
Finally, (3.8) and (i)S imply that
‖dS(c)‖2
‖S(c)‖2 ≤ c
′
1
c′2
‖δc‖2
‖c‖2 so that we obtain
λd
∗
k,p(M) ≤
c′1
c′2
max
{‖δc‖2
‖c‖2 : c ∈ V
k \ {0}
}
=
c′1
c′2
λδ
∗
k,p(X) (3.9)
whih onludes the proof. 
4 Appliations
In this setion, we develop several onsequenes of Theorem 3.1 or of the
methods used to prove Theorem 3.1.
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4.1 A lower bound for the spetrum of the Laplaian
on dierential forms
The goal of this setion is to prove the following theorem.
Theorem 4.1 Let (M, g) ∈ M(n, κ, r0). Let 1 ≤ p ≤ n − 1. Then there
exists a positive onstant c(n, p, κ, r0) depending only on n, p, κ and r0 suh
that
λ1,p(M) ≥ c(n, p, κ, r0)
V ol(M)eV ol(M)
where V ol(M) denotes the volume of (M, g).
By Theorem 3.1, it sues to hoose a suitable disretization X of M and
prove then a similar result for λ1,p(X). To that aim we need the following
lemma.
Lemma 4.2 Let A : Rm → Rn be a linear operator with matrix oeients
(in the anonial bases) in {−1, 0, 1}. Suppose there exists an integer k suh
that any olumn and any row has at most k non-zero oeients. Then,
there exists B : Rn → Rm suh that ABAv = Av for any v ∈ Rm and
‖Bu‖2 ≤ nk2n‖u‖2
for any u ∈ Rn.
Remark 4.3 In [30℄, the author proves a similar result (see Lemma A.5
in [30℄) but with a better onstant for the matrix norm of B. He asserts
that ‖Bu‖2 ≤ c(k)m‖u‖2. The following example shows that the onstant in
Trèves' result is not suitable. Consider the matrix A with m olumns and
m− 1 rows given by
A =

1 −1 0 . . . 0
0 1 −1 . . . 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 . . . 0 1 −1

and onsider v =
∑m
i=1 iei in R
m
. Then Av = −∑m−1i=1 ei in Rm−1. So that
‖Av‖2 = m− 1. An easy alulation shows that if we hoose the m− 1 rst
olumns of A to span Im(A) then BAv =
∑m−1
i=1 −(m − i)ei in Rm. Hene
‖BAv‖2 = (m−1)m(2m−1)
6
= m(2m−1)
6
‖Av‖2 whih ontradits Lemma A.5 in
[30℄ (here k = 2). The assertion A.44 in [30℄ is wrong. It is not lear to us
how we an orret this mistake. We think that we should replae k2n by nl
for a suitable l in Lemma 4.2 but we annot prove it yet.
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Proof of Lemma 4.2: let r be the dimension of Im(A). Without lost
of generality we an suppose that the r rst olumns {a1, . . . ar} of A span
Im(A). Then dene B as follows. On the orthogonal omplement of Im(A)
let B = 0. Moreover, if u = Av then write u in the basis {a1, . . . , ar} of
Im(A), u =
∑r
i=1 uiai and dene Bu =
∑r
i=1 uiei where {ei} denotes the
anonial basis of Rm. An immediate onsequene of the denition of B is
that ABAv = Av. Moreover, ‖Bu‖2 =∑ri=1 u2i . Let us show now that
u2i ≤ k2n‖u‖2. (4.1)
This will imply ‖Bu‖2 ≤ rk2n‖u‖2 ≤ nk2n‖u‖2 whih is the laim.
We prove (4.1) for i = 1. Let V1 the vetor spae spanned by {a2, . . . , ar} and
let V ⊥1 its orthogonal omplement in Im(A). Consider P1 : Im(A) → V ⊥1
the orthogonal projetion onto V ⊥1 . We have P1(u) = u1P1(a1) so that
u21 =
‖P1(u)‖2
‖P1(a1)‖2 ≤
‖u‖2
‖P1(a1)‖2 . (4.2)
We an write P1(a1) = a1 + α2a2 + . . . + αrar with (P1(a1)|aj) = 0 for
j = 2, . . . , r and (P1(a1)|a1) = ‖P1(a1)‖2. In matrix form we obtain
‖a1‖2 (a1|a2) . . . (a1|ar)
(a1|a2) ‖a2‖2 . . . (a2|ar)
.
.
.
.
.
.
.
.
.
.
.
.
(a1|ar) (a2|ar) . . . ‖ar‖2


1
α2
.
.
.
αr
 =

‖P1(a1)‖2
0
.
.
.
0

and if we all P the matrix r × r above and Q the submatrix of P obtained
by removing the rst row and the rst olumn of P we get that
‖P1(a1)‖2 = | det(P )|| det(Q)| .
As {a1, . . . ar} are linearly independent, det(P ) 6= 0. Moreover, P is a matrix
with integer oeients so that | det(P )| ≥ 1. It remains to nd an upper
bound for | det(Q)|. So, we are going to prove by indution that the minors
of P of size l × l are bounded above by k2l−1.
The rst step of indution asserts that the minors of P of size 1 × 1 are
bounded above by k. This is a diret onsequene of the assumption that
eah olumn of A has at most k non-zero oeients. Suppose then that the
minors of P of size l × l are bounded above by k2l−1. Consider then D a
minor of P of size (l + 1)× (l + 1). Then D an be written as
D =
l+1∑
j=1
cjDj
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where (c1, . . . , cl+1) is a part of a line of P and Dj is a minor of P of size
l × l. By onstrution of P , the oeients cj an be written as follows.
There exists 1 ≤ J ≤ r suh that
cj = (aJ |aij ) for a suitable ij
so that
|D| =
∣∣∣∣∣
l+1∑
j=1
(aJ |aij)Dj
∣∣∣∣∣ =
∣∣∣∣∣
n∑
i=1
(aJ |ei)
l+1∑
j=1
(ei|aij )Dj
∣∣∣∣∣ .
But by assumption, the ith row of A has at most k oeients of absolute
value 1 and by indution hypothesis we get |∑l+1j=1(ei|aij )Dj| ≤ k · k2l−1.
Moreover, by assumption the J th olumn of A has at most k oeients of
absolute value 1 and with the previous remark this implies
|D| ≤ k · k · k2l−1
and this ends the indution. We apply then the result to | det(Q)| and we
obtain | det(Q)| ≤ k2r−3 ≤ k2n. Finally, we dedue that
‖P1(a1)‖2 ≥ 1
k2n
and ombined with (4.2) this implies (4.1). 
Theorem 4.4 Let U be a nite open over of M ompat. Let p ≥ 0. As-
sume there exists ν suh that |{j : Uj ∩ UI 6= ∅}| ≤ ν for any I ∈ Sq(U) and
q ≥ 0. Then there exists a positive onstant c(ν, p) depending only on ν and
p suh that
λ1,p(U) ≥ c(ν, p)|U| · e|U| .
Proof : it sues to prove the result for λδ
∗
1,p(U). By the variational hara-
terization of the spetrum, we have
λδ
∗
1,p(U) = min
V
max
{‖δc‖2
‖c‖2 : c ∈ V \ {0}
}
where V ranges over all 1-dimensional vetor subspaes of δ∗Cp+1(U). As
in Proposition 3.1 of [13℄, we an get from the above haraterization the
following desription
λδ
∗
1,p(U) = min
V
max
{‖δc‖2
‖b‖2 : δb = δc , and δc ∈ V
}
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where V ranges over all 1-dimensional vetor subspaes of δCp(U). In parti-
ular, if we onsider V that realizes the minimum, then
λδ
∗
1,p(U) = max
{‖δc‖2
‖b‖2 : δb = δc , and δc ∈ V
}
. (4.3)
Consider then the anonial basis of Cq(U) given by
{eI : Sq(U)→ R, I ∈ Sq(U) suh that eI(J) = δIJ}.
In this bases, the matrix of δ : Cp(U)→ Cp+1(U) has oeients in {−1, 0, 1}
and has at most K(ν, p) = max{ν, p + 2} non-zero oeients by row and
by olumn. Hene we an apply Lemma 4.2 to δ to obtain that for any
c ∈ Cp(U), there exists b ∈ Cp(U) suh that δb = δc and
‖b‖2 ≤ |Sp+1(U)|K(ν, p)|Sp+1(U)|‖δc‖2. (4.4)
Finally, if we introdue (4.4) in (4.3) and by Remark 2.8, we obtain
λδ
∗
1,p(U) ≥
1
|Sp+1(U)|K(ν, p)|Sp+1(U)| ≥
c(ν, p)
|U| · e|U| . 
Proof of Theorem 4.1: let (M, g) ∈ M(n, κ, r0) and X a ρ04 -disretiza-
tion of M (where ρ0 is given by Lemma 2.9). By Theorem 3.1, there exists
c1(n, p, κ, r0) > 0 suh that
λ1,p(M, g) ≥ c1λ1,p(X). (4.5)
Moreover, by Theorem 4.4 there exists c2(n, p, κ, r0) > 0 suh that
λ1,p(X) ≥ c2|U| · e|U| . (4.6)
Finally, by Remark 2.8 there exists c3(n, p, κ, r0) > 0 suh that
|U| ≤ c3V ol(M). (4.7)
To onlude, put (4.5), (4.6) and (4.7) together to obtain that there exists
c(n, p, κ, r0) > 0 suh that
λ1,p(M, g) ≥ c
V ol(M)eV ol(M)
and this ends the proof. 
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4.2 Whitney forms: a natural way of smoothing
As suggested in [15℄, a andidate for the smoothing operator should be given
by Whitney forms in the following way. Let
S˜ : δ∗Cp+1(U)→ d∗Λp+1(M) , c 7→ S˜(c) = coex(W (c))
where W is the Whitney map (see Appendix A.1). The results of Dodziuk
and Patodi in [15℄ onerning Whitney forms an not be used in our ontext
as their approximations (obtained thanks to the heat kernel) involve the
manifold itself. More preisely, the onstants there depend on the volume of
the manifold.
Here, we show that there exist positive onstants c˜1, c˜2 and Λ˜ depending only
on n, p, κ and ε suh that
(i)S˜ ‖dS˜(c)‖2 ≤ c˜1‖δc‖2, for any c ∈ δ∗Cp+1(U),
(ii)S˜ ‖S˜c‖2 ≥ c˜2‖c‖2, for any c ∈ δ∗Cp+1(U) satisfying ‖δc‖2 ≤ Λ˜‖c‖2.
The inequality (i)S˜ is a diret onsequene of Lemma A.4 and Lemma A.5.
Indeed, as dc = 0 we have
dS˜(c) = dW (c) = (p+ 1)W (δc)
and Lemma A.5 leads to (i)S˜ .
The seond inequality is less obvious and it an be shown adding a point to
the rst indution in the onstrution of S in Setion 3.2. The idea is to
onstrut a p-form u(0) linking S(c) and S˜(c) playing the same role as v(p)
in the onstrution of D (see Setion 3.1). Then the ontrol on the norm
of S(c) (see (ii)S) and a ontrol on the norm of u(0) will imply the desired
inequality.
Proof of (ii)
S˜
: in the "rst step of indution" (of Setion 3.2), add
(c′)1 there exists a positive onstant c′3 depending only on n, p, κ and ε suh
that if
u(p) = (−1)p+2 1
p+ 1
W (c0,p)
then ‖u(p)‖2 ≤ c′3‖δc‖2 and
dW (c) = (−1)p+2(p+ 1)
(
du(p) +
(−1)(p+2)(p+1)
p+ 1
W (c1,p)
)
.
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Indeed, by Lemma A.5 and (a′)1, ‖u(p)‖2 ≤ cst‖c0,p‖2 ≤ c′3‖δc‖2. Moreover,
by Lemma A.4 and (b′)1
du(p) =
(−1)p+2
p+ 1
((p+ 1)W (c0,p+1) + (−1)pW (c1,p))
=
(−1)p+2
p+ 1
(
dW (c)− (−1)p+1W (c1,p)
)
.
The indution hypothesis gets
(c′)q there exists a positive onstant c′3 depending only on n, p, κ and ε suh
that if
u(p+1−q) = u(p+1−(q−1))+
(−1)p+2(−1)p+1 . . . (−1)p+2−(q−1)
(p+ 1)p(p− 1) . . . (p+ 2− q) W (cq−1,p+1−q)
then ‖u(p+1−q)‖2 ≤ c′3‖δc‖2 and
(−1)p+2
p+ 1
dW (c) = du(p+1−q) +
(−1)p+2 . . . (−1)p+2−q
(p+ 1) . . . (p+ 2− q)W (cq,p+1−q).
Then, the proof goes as follows. Let us onsider
u(p−q) = u(p+1−q) +
(−1)p+2(−1)p+1 . . . (−1)p+2−q
(p+ 1)p(p− 1) . . . (p+ 2− (q + 1))W (cq,p−q).
Then, by (c′)q, by Lemma A.5 and by (a′)q+1, we obtain ‖u(p−q)‖2 ≤ c′3‖δc‖2.
Moreover, by (c′)q and Lemma A.4 we have
(−1)p+2
p+ 1
dW (c) = du(p−q) − (−1)
p+2 . . . (−1)p+2−q
(p+ 1) . . . (p+ 2− (q + 1))dW (cq,p−q)
+
(−1)p+2 . . . (−1)p+2−q
(p+ 1) . . . (p+ 2− q)W (cq,p+1−q)
= du(p−q) − (−1)
p+2 . . . (−1)p+2−q
(p+ 1) . . . (p+ 2− q)W (cq,p+1−q)
+
(−1)p+2 . . . (−1)p+2−q
(p+ 1) . . . (p+ 2− (q + 1))(−1)
p+1−qW (cq+1,p−q)
+
(−1)p+2 . . . (−1)p+2−q
(p+ 1) . . . (p+ 2− q)W (cq,p+1−q)
and the laim follows.
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At the end of the indution (for q = p+1), we obtain a p-form u(0) suh that
‖u(0)‖2 ≤ c′3‖δc‖2 and
dW (c) = (−1)p(p+ 1) (du(0) + k(p)W (cp+1,0))
= (−1)p(p+ 1) (du(0) + k(p)W (r(dS(c))))
= (−1)p(p+ 1) (du(0) + k(p)d(S(c)))
where k(p) is a onstant depending only on p. Moreover, as S(c) is a oexat
p-form, this implies
coex(W (c)) = (−1)p(p+ 1) (coex(u(0)) + k(p)S(c))
so that
‖coex(W (c))‖ ≥ (p+ 1)|k(p)| · ‖S(c)‖ − (p+ 1)‖u(0)‖
≥ (p+ 1)|k(p)| · ‖S(c)‖ − (p+ 1)(c′3)
1
2‖δc‖.
But, by (ii)S , if ‖δc‖2 ≤ Λ′‖c‖2 then ‖S(c)‖ ≥ (c′2)
1
2‖c‖. Therefore,
‖coex(W (c))‖ ≥ (p+ 1)|k(p)|(c′2)
1
2
(
‖c‖ −
√
c′3
c′2k(p)2
‖δc‖
)
Finally, if ‖δc‖2 ≤ Λ˜‖c‖2, with Λ˜ = min
{
Λ′, k(p)
2c′2
4c′3
}
, then
‖coex(W (c))‖ ≥ 1
2
(p+ 1)|k(p)|(c′2)
1
2‖c‖
whih is the desired inequality in (ii)S˜. 
4.3 Another proof of "MGowan lemma"
In [24℄, the author gives a lower bound for the N th eigenvalue of∆ on exat 2-
forms on a ompat Riemannian manifoldM (see Lemma 2.3 in [24℄) where N
depends on an open over ofM . In partiular, if the open over is ontratible
then N−1 is the number of non-empty intersetions of triples of open sets in
the open over. The lower bound depends then essentially on lower bounds
for the smallest positive eigenvalue of ∆ on exat forms on the open sets of
the over, on the intersetion of pairs of suh open sets and on the intersetion
of triples of suh open sets. The proof of MGowan relies also on the double
omplexe of eh - de Rham and an be ompared to the indution done in
Setion 3.1 to onstrut the disretizing operator D. So it is not so surprising
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that we obtain the following generalization of the lemma. The main dierene
is that in our tehnique, if the disretization is of suiently small mesh then
Lemma 2.10 gives the lower bound for the spetrum on the intersetions. But,
then N an get quite large as it is omparable to the number of open sets in
the open over. Let us now state and prove the result.
Lemma 4.5 Let n ≥ 1, κ ≥ 0 and r0 > 0. Then there exists a positive
onstant λ(n, κ, r0) depending only on n, κ and r0 suh that for any (M, g) ∈
M(n, κ, r0) we have
λd
∗
N,p(M) ≥ λ(n, κ, r0)
where N ≤ c(n, p, κ, r0)V ol(M) and c(n, p, κ, r0) is a positive onstant.
Proof : let ρ0 be given by Lemma 2.9 and let X a
ρ0
4
-disretization of M .
Then the disretizing operator
D : d∗Λp+1(M)→ δ∗Cp+1(U)
onstruted in Setion 3.1 satises (i)D and (ii)D. Let then
N = dim
(
δ∗Cp+1(U))+ 1.
Consider moreover φ1, . . . , φN the N rst eigenforms in d
∗Λp+1(M). By
denition of N , there exist a1, . . . , aN suh that
∑N
i=1 aiD(φi) = 0 and∑N
i=1 aiφi 6= 0. In partiular, by (ii)D, we get∥∥∥∥∥d
(
N∑
i=1
aiφi
)∥∥∥∥∥
2
≥ Λ
∥∥∥∥∥
N∑
i=1
aiφi
∥∥∥∥∥
2
and thanks to the variational haraterization of the spetrum
λd
∗
N,p(M) = max
{‖dφ‖2
‖φ‖2 : φ ∈ 〈φ1, . . . , φN〉 \ {0}
}
≥ Λ.
Note that by Remark 2.8, we have N ≤ |Sp(UX)| ≤ c2 νp(p+1)!V ol(M) where c2
and ν depend only on n, p, κ and r0. 
A Appendix
A.1 Whitney forms
Let (Mn, g) be a ompat onneted n-dimensional Riemannian manifold
without boundary. Let U be a nite ontratible open over of M . Let {ϕj}
be a partition of unity subordinated to U . Let ν a bound on the ardinality
of the sets {j : Uj ∩ UI 6= ∅}, I ∈ Sq(U), q ≥ 0.
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Denition A.1 For any I = {i0, . . . , iq} ∈ Sq(U), we dene the Whitney
form WI ∈ Λq(M) by
WI =
q∑
j=0
(−1)jϕijdϕi0 ∧ . . . ∧ dϕij−1 ∧ dϕij+1 ∧ . . . ∧ dϕiq
Remark A.2 Note that WI has support in UI . Moreover, we have dWI =
(q + 1)dϕi0 ∧ . . . ∧ dϕiq , for I = {i0, . . . , iq}. In the sequel, we will write
dϕI = dϕi0 ∧ . . . ∧ dϕiq .
We an extend the denition of Whitney forms to q-ohains as follows.
Denition A.3 Let W : Cq(U ,Λp)→ Λp+q(M) the appliation dened by
W (c) =
∑
I∈Sq(U)
WI ∧ c(I).
The appliation W restrited to eh ohains is the Whitney map intro-
dued by Whitney (see [31℄) (up to a onstant). The following lemma gener-
alizes the well-known fat that the Whitney map ommutes with the exterior
dierential and the oboundary.
Lemma A.4 For any c ∈ Cq(U ,Λp), we have
dW (c) = (q + 1)W (δc) + (−1)qW (dc).
Proof : we have
dW (c) =
∑
I∈Sq(U)
d(WI ∧ c(I))
=
∑
I∈Sq(U)
dWI ∧ c(I) + (−1)q
∑
I∈Sq(U)
WI ∧ dc(I)
= (q + 1)
∑
I∈Sq(U)
dϕI ∧ c(I) + (−1)qW (dc).
Let us now ompute W (δc). We have
W (δc) =
∑
J∈Sq+1(U)
WJ ∧
(∑
j∈J
ǫ(j, J \ j)c(J \ j)
)
where ǫ(j, J \ j) is ±1 aording to the signature of the permutation ordering
the set {j} ∪ (J \ j) in J . If we let I = J \ j, we an write
W (δc) =
∑
I∈Sq(U)
∑
j:Uj∩UI 6=∅
W{j,I} ∧ c(I)
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so that it sues to show that∑
j:Uj∩UI 6=∅
W{j,I} = dϕI (A.1)
to onlude the proof. Let us rewrite the expression as follows∑
j:Uj∩UI 6=∅
W{j,I} =
∑
j:Uj∩UI 6=∅
ϕjdϕI − dϕj ∧WI . (A.2)
But as {ϕj} is a partition of unity
∑
j:Uj∩UI 6=∅
ϕj = 1 and
∑
j:Uj∩UI 6=∅
dϕj = 0,
hene (A.2) implies (A.1). 
Lemma A.5 There exists a positive onstant k depending only on n, ν and
on ‖dϕj‖∞ suh that for any eh ohain c, ‖W (c)‖2 ≤ k‖c‖2.
Proof : it follows from the denition of W and from a diret alulation. 
A.2 About the onvexity of balls
Proof of Lemma 2.9: the main idea to prove this lemma is to smooth
g to obtain a more regular metri g˜ and then ompare g˜ to a Eulidean
metri e˜. We do not ompare diretly g with a Eulidean metri as we need
to ontrol the dierene between the dierent onnetions involved. So let
(M, g) ∈ M(n, κ, r0). It follows from a result of Abresh (see [11℄, Theorem
1.12) that there exists a Riemannian metri g˜ on M suh that
(a) e−
1
4 g ≤ g˜ ≤ e 14 g
(b) |∇g −∇g˜| ≤ 1
4
() |Kg˜| ≤ κ˜(n, κ) and |∇g˜Rg˜| ≤ k(n, κ)
where κ˜ and k depend only on n and κ. In partiular, (a) implies that, the
length of the urves, the distanes and the volumes are omparable within a
ratio depending only on n. Moreover, if B denotes a ball for g and B˜ a ball
for g˜, we get B(p, e−
1
2 r) ⊆ B˜(p, r) ⊆ B(p, e 12 r). First, we show that there
exists r˜0 > 0 depending only on n, κ, r0 suh that
inj(M, g˜) ≥ r˜0. (A.3)
This is a diret onsequene of a theorem of Klingenberg and a theorem
of Cheeger. Indeed, by Klingenberg's Theorem (see for instane [2℄, Theo-
rem 89, or [22℄ and [20℄) and as we have bounded setional urvature, the
injetivity radius satises
inj(M, g˜) ≥ min
{
π√
κ˜
,
1
2
l˜(γ˜)
}
(A.4)
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where l˜(γ˜) is the length with respet to g˜ of the shorter smooth geodesi
(w.r.t. g˜) loop. Moreover, we show there exists L > 0 depending only on n,
κ and r0 suh that l˜(γ˜) ≥ L as follows. First, if 12 l˜(γ˜) ≥ e−
1
2 r0, L = 2e
− 1
2 r0
is suitable. Then suppose
1
2
l˜(γ˜) < e−
1
2 r0. By onstrution of g˜ we get then
1
2
l(γ˜) < r0 i.e. γ˜ is ontained in B(γ˜(0), r0) = B. Again by onstrution of g˜,
V˜ ol(B) ≥ c(n)V ol(B) and as (M, g) ∈M(n, κ, r0), there exists c(n, κ, r0) > 0
suh that V ol(B) ≥ c(n, κ, r0) so that V˜ ol(B) is bounded below by a onstant
V depending only on n, κ and r0. Moreover, d˜iam(B) ≤ 2e 12 r0 = d. So that
we an apply Theorem 2.1. of Cheeger in [9℄ that ensures the existene of a
positive onstant L depending only on d, V and κ˜ and therefore only on n,
κ and r0 suh that l˜(γ˜) ≥ L. Together with (A.4), this implies (A.3).
A suitable andidate to be the dieomorphism ited in the laim is the ex-
ponential map with respet to the metri g˜. Let then
ϕ = e˜xpp : B(0, r˜0)→ B˜(p, r˜0)
and e˜ the Eulidean metri on B˜(p, r˜0) indued by ϕ
−1
and the normal oordi-
nates. As soon as e
1
2 r ≤ r˜0, we have B(p, r) ⊆ B˜(p, r˜0) and then ϕ−1(B(p, r))
is well-dened. We are going to show now that there exists a positive on-
stant 0 < ρ0(n, κ, r0) ≤ e− 12 r˜0 suh that for any B(q, ρ) ⊆ B(p, ρ0) ⊆ B˜(p, r˜0)
we have
ϕ−1(B(q, ρ)) is a Eulidean onvex. (A.5)
This is equivalent to showing that the appliation
f : (B(q, ρ), e˜)→ R , x 7→ 1
2
d(q, x)2 (A.6)
is onvex (w.r.t. e˜), in other words that the Hessian of f with respet to e˜ is
non-negative i.e. D2e˜f(U, U) ≥ 0 on B(q, ρ), for ρ and ρ0 well-hosen. Let us
reall the following denition of the Hessian
D2f(U, V ) = U · df(V )− df(∇UV )
where ∇ is the Levi-Civita onnetion. Using this denition of the Hessian
for e˜ and g, we get
D2e˜f(U, U) = D
2
gf(U, U) + df(∇gUU −∇e˜UU)
= D2gf(U, U) + df(∇gUU −∇g˜UU) + df(∇g˜UU −∇e˜UU).(A.7)
Proposition 6.4.6. of Buser and Karher in [6℄ says that
D2gf(U, U) ≥ ρ
s′κ(ρ)
sκ(ρ)
g(U, U)
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where sκ(ρ) =
1√
κ
sin(
√
κρ). So that s
′
κ(ρ)
sκ(ρ)
=
√
κ cot(
√
κρ) and hene there
exists ρ1(κ) > 0 suh that for any 0 < ρ < ρ1,
s′κ(ρ)
sκ(ρ)
≥ 1. Therefore, on
B(q, ρ) with ρ ≤ ρ1 we have
D2gf(U, U) ≥ ρg(U, U) (A.8)
and this shows also that for suh ρ's, B(q, ρ) is onvex (w.r.t. g). Also as a
onsequene of Proposition 6.4.6. of [6℄, we get
g(∇gf,∇gf) ≤ ρ2 (A.9)
where ∇gf is the gradient of f with respet to g.
Moreover, by onstrution of g˜ and by (b) in the result of Abresh, we have
|∇gUU −∇g˜UU |g ≤
1
4
g(U, U). (A.10)
By onstrution of e˜ and as the ∇g˜Rg˜ is uniformly bounded, Corollary 1 of
Kaul in [21℄ asserts the existene of an appliation h ≥ 0 suh that
|∇g˜UU −∇e˜UU |g˜(y) ≤ h(d˜(p, y))g˜(U, U)
with h(0) = 0 and h depends only on bounds on Kg˜ and ∇g˜Rg˜. Hene, there
exists R(n, κ, r0) > 0 suh that for any r ≤ R, h(r) ≤ 14e−
3
4
. So that we
obtain on B˜(p, r) with r ≤ R
|∇g˜UU −∇e˜UU |g ≤ e
1
2 |∇g˜UU −∇e˜UU |g˜ ≤
1
4
e−
1
4 g˜(U, U) ≤ 1
4
g(U, U). (A.11)
Finally, introdue (A.8), (A.9), (A.10) and (A.11) in (A.7) and let us dene
ρ0 = min{e− 12 r˜0, ρ1, e− 12R} to obtain the following. We have B(p, ρ0) ⊆
B˜(p, r˜0), B(p, ρ0) ⊆ B˜(p, R) and for any B(q, ρ) ⊆ B(p, ρ0), ρ ≤ ρ1 holds.
Hene on B(p, ρ0) and for any B(q, ρ) ⊆ B(p, ρ0) we have
D2e˜f(U, U) ≥ ρg(U, U)−
1
4
ρg(U, U)− 1
4
ρg(U, U) =
1
2
ρg(U, U) ≥ 0 (A.12)
i.e. f is onvex. To onlude the proof, we remark that
B(q, ρ) ⊆ B(p, d(p, q) + ρ) ⊆ B˜(p, e 12 (d(p, q) + ρ)) ⊆ B˜(p, r˜0)
so that ϕ−1 restrited to B˜(p, e
1
2 (d(p, q) + ρ)) is a quasi-isometry with on-
stants of quasi-isometry depending only on n, κ and d(p, q) + ρ. More pre-
isely, (B˜(p, e
1
2 (d(p, q) + ρ)), e˜) is quasi-isometri to (B˜(p, e
1
2 (d(p, q) + ρ)), g˜)
with onstants of quasi-isometry depending only on d(p, q) + ρ and κ˜(n, κ)
and by onstrution of g˜ we an dedue that (B(q, ρ), g) is quasi-isometri
to (B(q, ρ), e˜) with onstants of quasi-isometry depending only on n, κ and
d(p, q) + ρ. This ends the proof of the lemma. 
32
Referenes
[1℄ J. Bemelmans, M. Min-Oo and E. A. Ruh, Smoothing Riemannian
metris, Math. Z. 188 (1984), No 1, 69-74.
[2℄ M. Berger, A Panorami View of Riemannian Geometry, Springer-
Verlag, Berlin, 2003.
[3℄ R. Brooks, The spetral geometry of a tower of overings, J. Dieren-
tial Geometry 23 (1986), 97-107.
[4℄ M. Burger, Estimation de petites valeurs propres du laplaien d'un
revêtement de variétés riemanniennes ompates, C. R. Aad. Si
Paris Sr. I Math. 302 (1986), No 5, 191-194.
[5℄ P. Buser, A note on the isoperimetri onstant, Ann. Sient. ENS 15
(1982), 213-230.
[6℄ P. Buser and H. Karher, Gromov's almost at manifolds, Astérisque
81, Soiété Mathématique de Frane, Paris, 1981.
[7℄ S. Chanillo and F. Trèves, On the lowest eigenvalue of the Hodge
Laplaian, J. Dierential Geom. 45 (1997), No 2, 273-287.
[8℄ I. Chavel, Isoperimetri Inequalities. Dierential Geometri and Ana-
lyti Perspetives, Cambridge Trats in Math., Cambridge Univ. Press,
2001.
[9℄ J. Cheeger, Finiteness theorems for Riemannian manifolds, Amer. J.
Math. 92 (1970), 61-74.
[10℄ J. Cheeger and D. G. Ebin, Comparison Theorems in Riemannian Ge-
ometry, North-Holland Mathematial Library, Vol. 9, North-Holland
Publishing Co., Amsterdam, 1975.
[11℄ J. Cheeger, K. Fukaya and M. Gromov, Nilpotent strutures and in-
variant metris on ollapsed manifolds, J. Amer. Math. So. 5 (1992),
No 2, 327-372.
[12℄ M. P. do Carmo, Riemannian Geometry, Birkhäuser Boston In.,
Boston, 1992.
[13℄ J. Dodziuk, Eigenvalues of the Laplaian on Forms, Proeedings of the
AMS 85 (1982), No 3, 437-443.
[14℄ J. Dodziuk and J. MGowan, The spetrum of the Hodge Laplaian
for a degenerating family of hyperboli three manifolds, Trans. Amer.
Math. So. 347 (1995), No 6, 1981-1995.
[15℄ J. Dodziuk and V. K. Patodi, Riemannian strutures and triangula-
tions of manifolds, J. Indian Math. So. (N.S.) 40 (1976), No 1-4,
1-52.
33
[16℄ J. Eihhorn, The boundedness of onnetion oeients and their
derivatives, Math. Nahr. 152 (1991), 145-158.
[17℄ S. I. Goldberg, Curvature and Homology, Pure and Applied Mathe-
matis, Vol. XI, Aademi Press, New York, 1962.
[18℄ P. Guerini, Spetre du laplaien de Hodge-de Rham: estimées sur les
variétés onvexes, Bull. London Math. So. 36 (2004), No 1, 88-94.
[19℄ M. Kanai, Rough isometries, and ombinatorial approximations of ge-
ometries of non-ompat Riemannian manifolds, J. Math. So. Japan
37 (1985), No 3, 391-413.
[20℄ H. Karher, Riemannian omparison onstrutions, Global Dierential
Geometry, MAA Stud. Math. 27, 170-222, Math. Asso. Ameria,
Washington, 1989.
[21℄ H. Kaul, Shranken für die Christoelsymbole, Manusripta Math. 19
(1976), No 3, 261-273.
[22℄ S. Kobayashi, On onjugate and ut loi, Global Dierential Geometry,
MAA Stud. Math. 27, 140-169, Math. Asso. Ameria, Washington,
1989.
[23℄ T. Mantuano, Disretization of ompat Riemannian manifolds ap-
plied to the spetrum of Laplaian, Ann. Global Anal. Geom. 27
(2005), 33-46.
[24℄ J. MGowan, The p-spetrum of the Laplaian on ompat hyperboli
three manifolds, Math. Ann. 297 (1993), No 4, 725-745.
[25℄ D. Mitrea and M. Mitrea, Finite energy solutions of Maxwell's equa-
tions and onstrutive Hodge deompositions on nonsmooth Rieman-
nian manifolds, J. Funt. Anal. 190 (2002), No 2, 339417.
[26℄ M. Mitrea, M. Taylor and A. Vasy, Lipshitz domains, domains with
orners, and the Hodge Laplaian, Comm. Partial Dierential Equa-
tions 30 (2005), No 10-12, 1445-1462.
[27℄ S. Morita, Geometry of Dierential Forms, Translations of Mathemat-
ial Monographs, Amerian Mathematial Soiety, 2001.
[28℄ T. Sakai, Riemannian Geometry, Amerian Math. So., 1997.
[29℄ M. E. Taylor, Partial Dierential Equations I, Applied Mathematial
Sienes, 115, Springer-Verlag, New York, 1996.
[30℄ F. Trèves, Study of a model in the theory of omplexes of pseudodif-
ferential operators, Ann. of Math. 104 (1976), No 2, 269-324.
[31℄ H. Whitney, Geometri Integration Theory, Prineton University
Press, 1957.
34
Tatiana Mantuano
Université de Neuhâtel
Institut de Mathématiques
rue Emile-Argand 11
2009 Neuhâtel
Switzerland
e-mail: Tatiana.Mantuanounine.h
35
